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By the closure axiom for groups, the product of any two group elements

must result in an element also in the group. In particular, the square g2 of
an element g, defined as g2 ≡ g ·g, is also in the group. We can therefore try
to find the square root(s) of an element h, defined as those elements which,
when squared, give h.

When we deal with complex numbers, we know that there are exactly
two square roots of any complex number z (except for 0, which has only
one square root). Since group elements can be represented by matrices
rather than by single numbers, in general a given group element may have
more than two square roots. As an example, consider the table for S4 which
we worked out earlier (Table 1).

We see that the squares of elements in three of the classes all square to
give I , the identity. Since there are a total of 1+ 3+ 6 = 10 elements in
these three classes, the identity I has 10 square roots in S4. This doesn’t
mean that the identity always has 10 square roots in every group. Since I
can form a group all on its own, in that group it has only one square root,
namely itself.

Class

Representation
nc g2 class 1 1̄ 2 3 3̄

I 1 I 1 1 2 3 3

(12)(34) 3 I 1 1 2 −1 −1

(123) 8 (132) 1 1 −1 0 0

(12) 6 I 1 −1 0 −1 1

(1234) 6 (13)(24) 1 −1 0 1 −1

Representation type Real Real Real Real Real
TABLE 1. Character table and representation types for S4.
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Representation ∑g∈Gχ
(
g2)

Complex 0

Real N (G)

Pseudoreal −N (G)

TABLE 2. Representation tests.

There is a clever formula which we can derive that tells us the total num-
ber of square roots a given element g has in a given group G. Zee derives
this formula in Chapter II.4, but it’s worth going through it so we can fill in
a few gaps.

The starting point is the test for reality that we derived earlier. The test
requires us to calculate ∑g∈Gχ

(
g2), with the results given in Table 2. Here

χ
(
g2) is the character of the square element g2. The result is written as

∑
g∈G

χ(r)
(
g2)= η(r)N (G) (1)

where the superscript (r) denotes representation r, N (G) is the total num-
ber of elements in the group G, and η(r) =±1 or 0, as shown in Table 2.

We define σf to be the number of square roots that element f has, where
f ≡ g2. Since the character χ(f) is a function only of the class to which f
belongs, we can write

∑
g∈G

χ(r)
(
g2)= ∑

f

σfχ
(r) (f) (2)

= η(r)N (G) (3)

The number σf is the number of elements in the class to which f = g2

belongs, and does not depend on the representation r. We now consider

∑
r

[
∑
f

σfχ
(r) (f)

]
χ(r)∗

(
f ′
)
= ∑

r

η(r)χ(r)∗
(
f ′
)
N (G) (4)

Note that both sides are now summed over r, that is, we sum over all the
irreducible representations of G. Also note that f ′ is a fixed group element,
and is not included in the sum over f on the LHS.

We can take the LHS of 4 and rewrite it as
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∑
r

[
∑
f

σfχ
(r) (f)

]
χ(r)∗

(
f ′
)
= ∑

f

σf ∑
r

χ(r) (f)χ(r)∗
(
f ′
)

(5)

We now use the row orthogonality theorem:

∑
r

χ(r)∗ (c)χ(r)
(
c′
)
=
N (G)

nc
δcc
′

(6)

Here c and c′ are classes, and nc is the number of elements in class c. This
result states that two rows in the character table are orthogonal, in the sense
that if we evaluate the sum for c 6= c′, we get zero. You can check that this
works, for example, by considering the character table 1 and calculating the
sum using the five columns on the right.

We can apply this to the RHS of 5. We’re comparing two classes f and
f ′ (Note that the number of classes into which the squares fit need not be
the total number of classes in the original group. For example, in Table 1,
g2 gives us only the classes I (13)(24) and (132). The classes (12) and
(1234) have no square roots in S4.)

We get

∑
f

σf ∑
r

χ(r) (f)χ(r)∗
(
f ′
)
= ∑

f

σf
N (G)

nc(f)
δc(f)c(f

′) (7)

In this formula, σf is the number of elements whose square is f , while
nf is the number of elements in the class to which f belongs. The notation
δc(f)c(f

′) is a Kronecker delta that is nonzero only if the class containing f ,
denoted c(f), is the same as the class c(f ′) containing f ′. Remember that
f and f ′ refer to individual group elements, and not to the classes to which
they belong, so a sum over f is a sum over group elements, not classes. The
sum over f on the RHS of 7 therefore consists only of those group elements
f where the class of f is the same as the class of f ′. There are nc(f ′) of
these terms, so we get

∑
f

σf
N (G)

nc(f)
δff

′
= σf ′

N (G)

nc(f ′)
nf ′ = σf ′N (G) (8)

Also, as noted above, the set of squares f = g2 does not always consist of
all elements g ∈ G, so the sum over f is not necessarily the same as a sum
over all group elements g ∈G.

By comparing the RHS of 4 and 8 we find (dropping the prime on f ′):

∑
r

η(r)χ(r)∗ (f)N (G) = σfN (G) (9)
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which gives us the formula for the number of square roots of a group ele-
ment f :

σf = ∑
r

η(r)χ(r)∗ (f) (10)

We can actually drop the complex conjugate symbol * from 10, since as we
see from Table 2, η(r) = 0 for a complex representation, so such represen-
tations contribute nothing to the sum. We therefore get

σf = ∑
r

η(r)χ(r) (f) (11)

Example 1. We can check this for S4 by using Table 1. Since all the rep-
resentations are real, η(r) = +1 for all terms in the sum. We have, for one
example from each class:

σI = 1+1+2+3+3 = 10 (12)
σ(12)(34) = 1+1+2−1−1 = 2 (13)
σ(123) = 1+1−1+0+0 = 1 (14)
σ(12) = 1−1+0−1+1 = 0 (15)

σ(1234) = 1−1+0+1−1 = 0 (16)

These results are correct, since as we saw above there are 10 elements that
square to I . There are 2 elements whose square is (12)(34), namely (1324)
and (1423). Only one element squares to (123), namely (132), and no
elements square to (12) (or any other single swap) or to (1234) (or any
other permutation involving all four objects).

We can perform another check on these results by noting that there are
3 terms in the class (12)(34), each of which has a σf = 2, so there are
2× 3 = 6 terms that give a square in the (12)(34) class. (Another way of
getting this result is to note that elements in the (1234) class all have squares
in the (12)(34) class, and there are 6 elements in the (1234) class.) There
are 8 terms in the (123) class, each of which has one element that squares
to it, so there are 8 elements that give a square in the (123) class. The total
number of elements is then 10+2×3+1×8 = 24 =N (G).


